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Inequalities for a generalized finite Hilbert
transform of convex functions

SILVESTRU SEVER DRAGOMIR

ABSTRACT. In this paper we obtain some new inequalities for a gen-
eralized finite Hilbert transform of convex functions. Applications for
particular instances of finite Hilbert transforms are given as well.

1. INTRODUCTION

Finite Hilbert transform on the open interval (a, b) is defined by

(Tf) (a,b;t) := PV f( idT-_egr& Ut ) /J m T_t dr,

a

for t € (a,b) and for various classes of functions f for which the above
Cauchy Principal Value integral exists, see |14, Section 3.2] or [18, Lemma
I1.1.1].

Suppose that [ is an interval of real numbers with interior I and f:I—=R
is a convex function on I. Then f is continuous on I and has finite left and
right derivatives at each point of I. Moreover, if z, y € I and z < 1y, then
fl(z) < fi(z) < fL(y) < fi(y) which shows that both f and f/ are
nondecreasing function on I. Tt is also known that a convex function must
be differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by O0f

is the set of all functions ¢ : I — [—00, 00| such that ¢ (I> C R and

f(z)> f(a)+ (x—a)p(a) for any z, a € I.

It is also well known that if f is convex on I, then df is nonempty, f’,
fioedf and if ¢ € Of, then

fL(z) <@(z) < fi(z) for any z € I.
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82 INEQUALITIES FOR A GENERALIZED FINITE HILBERT TRANSFORM

In particular, ¢ is a nondecreasing function. If f is differentiable and convex
on I, then 0f = {f'}.

The following result holds for the finite Hilbert transform of convex func-
tions.

Theorem 1 (Dragomir et al., 2001 [2]|). Let f : (a,b) — R be a convex
function on (a,b). Then we have

% [f (t) In (f) + 1)~ fla)+ fh () (b—t)]
a,b;t)

1)
Hiom (=) re-sw+ 7 060,

for allt € (a,b).

In particular, we have
) men(2)05)
<@ (o)
(5o (03 (03]

For several recent papers devoted to inequalities for the finite Hilbert
transform (T'f), see [3]-[13], [15]-[17] and [19,20].

We can naturally generalize the concept of Hilbert transform as follows.

For a continuous strictly increasing function g : [a,b] — [g (a), g (b)] that

is differentiable on (a,b) we define the following generalization of the finite
Hilbert transform of a function f : (a,b) — C by

(1)
(T, f) (a, b; ) : PV/ fi)df

115%1[/” /J ol

N YA N LY dL
=ad [/ ROk +f.:g<>—g<t>d]’

for t € (a,b), provided the above PV exists.
For [a,b] C (0,00) and ¢ (t) = Int, t € [a, b] we have the logarithmic finite
Hilbert transform defined by

t—e b T
(2)  (Tinf) (a,b5) ::%eg%ﬂ [/ TIH(T)dT+/t+ T{n((z)dT] :

< (T

IA
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where t € (a,b).
For g (t) = exp (at), t € [a,b] C R with o > 0 we have exponential finite
Hilbert transform defined by

(3)
(Texp(af) (a;b;1)
L e i (UL T

exp (at) — exp (at) 1 exp (aT1) — exp (at)

where t € (a,b).
For [a,b] C (0,00) and g (t) =t", t € [a,b], r > 0, we have the positive
r-power finite Hilbert transform defined by

(4) (Tf) (a,bit) == = lim [/:_Ef(ﬂ”‘ld” ’ Wdﬂ’

T e—0+ T — 1" the T 17

where t € (a,b) .
Similarly, we can consider the function g (t) = =t P, ¢t € [a,b] C (0,00),
p > 0, and then we have the negative p-power finite Hilbert transform

(5)
(T_pf) (a,b:t) == 2 lim [/:_swdwr b Wdf]

T e—0+ t™P —717P tpe TP —T7P
P t—¢e b
:& lim / 7f(T) dT—|—/ 7f(T) dr|,
T =0+ | J, T (TP —1P) e T (TP —tP)
where ¢ € (a,b).

For [a,b] C [—%, %} and g (t) =sin(pt), t € [a, b] where p > 0, we have

the p-sine finite Hilbert transform

(6) (Tain(p)f) (@, b:)
— P hm {/ts f (1) cos (pT) d7-+/b f(7)cos (p1) dr

T e—0+ sin (p7) — sin (pt) L sin (p7) — sin (pt)

)

where t € (a,b) .
For g (t) = sinh (ot), t € [a,b] C R with 0 > 0 we have o-sinh finite
Hilbert transform

(7)
(Tsinh(a)f) (a7 b; t)
o .. [/t_a f (1) cosh (o7) dr+ /b f (1) cosh (o7) dr

=—1
Lo sinh (o7) — sinh (ot) 1 sinh (o7) — sinh (ot) ’

where ¢ € (a,b) .
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Similar transforms can be associated to the following functions as well:

T T

g(t)=tan(pt), t € [a,b] C {2p72p

] where p > 0,

and
g (t) =tanh (ot), t € [a,b] C R with o > 0.

Motivated by the above results, we establish in this paper some inequal-
ities for the generalized finite Hilbert transform of convex functions on an
interval. Applications for some particular instances of finite Hilbert trans-
forms such as the ones from (2)-(7) are given as well.

2. MAIN RESULTS

Consider the function 1 (¢t) =1, ¢t € (a,b). We need the following prelim-
inary result.

Lemma 1. For a continuous strictly increasing function g : [a,b] — [g (a), g (b)]
that is differentiable on (a,b) we have

(8) (T,1) (a, b5 1) = %m <M> te(ab).
We also have for f : (a,b) — C that
(9)
_ bt () —
- (B0 o [ B0

fort € (a,b), provided that the PV from the right hand side of the equality
(9) exists.

Proof. We have

(10)
L [T SO g
(Ty1) (a,b5) = - lim, U NGETION */Hggm—g(t)d]
=~ lim [lnlg (1)~ g @5+ (o () ~ g ..
= lim [In(g ()~ g (¢~ <)) ~ (g (1) g (a)
Fn(g(b) — g (1) —n(g(t+e) — g ()]
1, (o) —g®) 1, | (9(t)—g(t—e)
= ! (g(t)—g(a) o g(t+6)—g(t)>’
for t € (a,b).
Since g is differentiable, we have
9 —glt—2) _ . LEEEE g

e—=0+ g (t + 8) —-g (t) a £—1>%1+ glt+e)—g(t) g (t)
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for t € (a,b), and by (10) we get (8).
From the definition (1) we deduce

b ) — '
b= Lpy [ U0,
_ 1 ") - @) g (ndr 1 bft)g (r)dr
_TrPV/a g (1) —g(t) 7, g(t)—g(t)
1 () - @) g (ndr 1 b g (r)dr
= v [ e [T
L (SO g 1 [P F1)g (7)dT
=/ 01 (g(t)—g(a)>+ﬂpv/a g(1)—g(t) ’
for t € (a,b), which proves the identity (9). O

If g is a function which maps an interval I of the real line to the real
numbers, and is both continuous and injective then we can define the g-
mean of two numbers a, b € I as

o) =g (2020

If I =R and g (t) = t is the identity function, then M, (a,b) = A (a,b) :=
@b the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) =
G (a,b) := Vab, the geometric mean. If I = (0,00) and g (t) = 1, then

Mgy (a,b) = H (a,b) = %, the harmonic mean. If I = (0,00) and g (t) =

tP, p # 0, then My (a,b) = M, (a,b) := (#)UP, the power mean with
exponent p. Finally, if [ = R and ¢ (t) = expt, then

exp a + exp b>

M, (a,b) = LME (a,b) :zln( 5

the LogMeanExp function.

Theorem 2. Assume that g : [a,b] — [g(a),g(b)] is a continuous strictly
increasing function that is differentiable on (a,b), f a function such that
fogt:(g(a),g(b)) = R is a convex function on (g(a),g(b)). Then for
t € (a,b) we have

(1) |70~ F(a) + g ) g (0) glf((tﬂ
< (Tyf) (a, b5t) = —f () In (g((f))_gg((le
. fL (@)
S; |:f(b)f(t)+[g(t)g(a)] g’(t)} .

In particular, we have
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90 —gla) (M, (@)
T O e AT

< (Tyf) (a,b; My (a,b))

HURIUATOREE

3| -

<

3|

Proof. For t, T € (a,b) with t # 7 we then have

12 [ =1 _ fog g = Fog (g (1)
g(7) =g (0) 9() =g ®) |

By the convexity of f o g~! we can state that for all g (a) < c<d < g (b)

we have
0a-1 —(foa ) (c )
13 (fogty @z VoD W)@, (o o,

Since f o g7! has lateral derivatives for z € (g(a),g (b)) it follows f
has lateral derivatives in each point of (a,b) and by the chain rule and the
derivative of the inverse function,

(fiog™) (2)

1) (Fog™ i@ =(heg ™)@ ) O =0 50
Let ¢t € (a,b) and t —a > ¢ > 0, then by (13)) and (14) we have
fogt(g(n)—fogt(g(®) fog(g®)—Ffog " (g(r))
g9(1) =g () g(t)—g(7)
_(frog )0 _ L)
" (o9 Hg(r) g ()

—~

(15)

for 7 € (a,t —¢).
If we integrate the inequality (15) over 7 on (a,t — €), we get by (12) that

R AP e A I
w0 [ @m0z [ e

t—e

= fi(rydr=f(t—e) —f(a),

a

fort € (a,b) and t —a > ¢ > 0.
Let ¢t € (a,b) and b—t > ¢ > 0, then

fogtg(n)—fog (g(®) _ (fiog ) (g(®) _ fi (1)
g(r)—g(t) T (gegH(g(®) g
for 7 € (t +¢,b).
This implies that

) - f ),
e g g (D472

AP
g AT

(17)
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_ A @
g (t)

[g(b) —g(t+e)],

for t € (a,b) and b—t >¢e > 0.
By adding the inequalities (16) and (17) we get

o 9(1)—g(1) t+eQ(T)—9(t)g()d
fi @)

> f(t—¢e)—f(a)+ 0 lg(b) —g(t+e)],

for t € (a,b) and min{b—t,t —a} >e > 0.
By taking the limit over € — 0+ in (18) we get

by
ww) v [

(18) g (r)dr+

D (yarz10)- @+

for t € (a,b).
By using the identity (9) we get the first inequality in (11).
Let t € (a,b) and t —a > € > 0, then by (13) and (14) we also have
(20) fogt(g(r)—fogt(g®) _ fog ' (g(t) —fog ' (g(r))
g9(1) =g () g(t)—g(7)
_(ea ) _ £
T (gogH(g®) g ()

for 7 € (a,t —¢).
If we integrate the inequality (20) over 7 on (a,t — €), we get by (12) that

t_af<'r)_f(t) / r T te fL(t) / T r
S TGO < g
s

g/ (t) [g (t - E) _g(a)] )

for t € (a,b) and t —a > ¢ > 0.
Let t € (a,b) and b —t > & > 0, then
fogt(g(r) —fog(g(®) _ (fLog ) (g(n) _ f.(7)
g(r)—g(t) T (gogH(g(n)  g()]

(22)

for 7 € (t +¢,b).
If we integrate the inequality (22) over 7 on (t 4 €,b), we get

b ) — b ' (r

for t € (a,b) and b—t > ¢ > 0.
By adding the inequalities (21) and (23) we get

o 9™ =gt e g —gm? 7

(23)

(24) g (r)dr+



88 INEQUALITIES FOR A GENERALIZED FINITE HILBERT TRANSFORM

<L - -9+ - s+,

for t € (a,b) and min{b—t,t —a} >e > 0.
By taking the limit over ¢ — 0+ in (24) we get

F@) - f @) .
Pv/ P < F () 10+ o) g a)],
for t € (a,b).
By using the identity (9) we obtain the second inequality in (11). O

Remark 1. With the assumptions of Theorem 2, and if f is differentiable
on (a,b), then we have

1{H®—ﬂ®+w®%wﬁﬂ

™

~
N

glp@—fw+ww—wm

™

for all ¢t € (a,b).
In particular, we have

;pu@mw»—ﬂ@+
S (Tgf) (CL, b; MQ (a7 b))
sl{ﬂw—fw@wwﬂ+g

™

We also have:

Theorem 3. Assume that g : [a,b] — [g(a),g(b)] is a continuous strictly
increasing function that is differentiable on (a,b) and ¢’ (a) and g— (b) are
finite. If fog™': (g(a),g (b)) = R is a convex function on (a,b) and f has
finite lateral derivatives f' (a) and f— (b), then fort € (a,b) we have

fol@) o fO-f@
@) 2o - < LOL0 g0 - g)
Sﬁﬁﬂabﬂ—iﬂﬂm<ﬁg:;%>
L0114y,
f<)w@—g@y

7rg’_ (b)
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In particular, for t = Mgy (a,b) we get

F@ 1) = g (@] < 21 (M, (@b) — 1 (@)
g, (a) T
< (Tyf) (a,b; My (a,b))
<200 - 704 @0 < S 0 - g )]

Proof. We recall that if ® : I — R is a continuous convex function on the
interval of real numbers I and a € I then the divided difference function
o, : I\ {a} =R,
e 20) =P ()
D, (1) :=[a, t; D] := P
is monotonic nondecreasing on I\ {«a} .
Using this property for the function ® : (¢,d) — R, we have for ¢ € (¢, d)
that
()~ B(1) _ D(r)-B(D) _D(d) D (1)
c—t - T—1 - d—t 7
for any 7 € (¢,d), T # 1.
By the gradient inequality for the convex function ® we also have

w > &, (c), for t € (c,d)
and
(I)(dc)l::&b(w <®_(d), fort € (c,d).

Therefore we have the following inequality
) —P(c) _ 2(1) — 2 (1)

(26) P (c) < . S
B (d) — B (1)
_?Sq’—(d%

for t, 7 € (¢,d) and T # t.
If we write the inequality (26) for the convex function ® = fo g~
the interval (g (a),g (b)), we get

(frog™)(9(@) _ (fog ") (g(®) = (fog™")(g(a)
(9097 (9(a)) ~ g(t)—g(a)

L and

(27)

_(Fog)(g®) = (fog™") (9 (1))
- g(b)—gl(t

(fLog™) (g (b))

(9-0g71) (g(b)’
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for ¢, 7 € (a,b) and 7 # t.
This is equivalent to
file) _ 1)~ f@
94 (a) = g(t) —g(a)
for ¢, 7 € (a,b) and 7 # t.
If we multiply with ¢’ (7) > 0 and take the PV in (28), then we get

' (a b _ a b
b _

(28)

9(1) —9()
bf(b)_f(t)/ f,—(b) b/
<[ so—ew? Ot =g e
for t € (a,b), which is equivalent to
L9 g < LI .
T la®) —g (o) < LT 50) g o)
<PV / / E: tt '(r)dr
£ N ACP
) sl < B0 - @),
for t € (a,b).
By the use of the identity (9) we obtain the desired result (25). O

3. APPLICATIONS FOR GA-CONVEX FUNCTIONS

Let I C (0,00) be an interval; a real-valued function f : I — R is said to
be GA-conver (concave) on I if

(29) F(# ) @) A= N @)+ A W),
for all z, y € I and X € [0, 1]. Since the condition (29) can be written as
foexp(1=AN)Inz+Alny) < (>)(1—X) foexp(Inz)+ Afoexp(Iny),

then we observe that f : I — R is GA-convex (concave) on I if and only
if f oexp is convex (concave) on Inl := {lnz,z€ I}. If I = [a,b] then
InJ =[lna,Inbd.

It is known that the function f (z) = In (14 z) is GA-convex on (0, c0)
[1].

For real and positive values of x, the Fuler gamma function I' and its
logarithmic derivative 1), the so-called digamma function, are defined by

T (z) ::/Oootw—l “tdt and ¢ (z) := I;((x))
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It has been shown in [21] that the function f : (0,00) — R defined by
1
fla) =9 () + o

is GA-concave on (0,00) while the function g : (0,00) — R defined by

g(2) = (@) + — + —

20 1247
is GA-convex on (0, 00) .

If [a,b] C (0,00) and the function g : [Ina,Inb] — R is convex (concave)
on [lna,lnb|, then the function f : [a,b] = R, f(t) = g(Int) is GA-convex
(concave) on [a, b].

Indeed, if z, y € [a,b] and X € [0,1], then

f (mlf)‘yA) = g (ln (a;l*)‘y)‘» =g[(1—=XN)Inz+ Any]
< (2)A=ANg(nz)+Ag(ny) = (1=X) f(z)+Af(y),

showing that f is GA-convex (concave) on [a,b].
Consider the following logarithmic finite Hilbert transform

t—e T b T
(Tinf) (a, b t) ::l lim [/ f((g) dT+/t f((z_)dT]7

T +e Th'l

where t € (a,b) C (0,00).

Proposition 1. Assume that f : [a,b] C (0,00) — R is GA-convex on [a, b],
then
1 , b
o=@t m (2

s

IN

o(b
(Tinf) (a,b;t) — %f(t) In (in §t§>

1 [f(b) —f@)+tfL () In <25] :

™

IA

for allt € (a,b).
In particular,

~fG @) 1@+ Gabm <\/€> £} (G a, b))]
< (1) 4G (a)
£0) - £ (G @) +G @b (ﬁ) (G b))] ,

where G (a,b) := Vab is the geometric mean of a, b > 0.
The proof follows by Theorem 2 for g (t) = Int, t € (a,b).

1
<=
7T
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Proposition 2. With the assumptions of Proposition 1 and if f| (a) and
12 (b) are finite, then

mln<b>§f<t>—f<a>ln(

T a T ln(

a

Q|+ |
~—

~—

Bl

S (T’lnf) (a’a b; t) -

=
—
>
S~—
I
~
—~
~
S~—
—
=
—~
o[ o

L), (b)

S— | —
3

for any t € (a,b).
In particular,

Ll (2) <211 G lab) - @)
(Tiad) (0, G (a,1)

IN

VAN
3|

=
=
|

kﬁ
Q
o
>
=
IN
3

=
/N
Q| o
N~

The proof follows by Theorem 3 for g (t) = Int, t € (a,b).

4. APPLICATION FOR LogFEzp CONVEX FUNCTION

We say that the function f : [a,b] — R is a LogEzp convex function on
[a,b] if f oln is convex on the interval [exp a, exp b], namely

(folm)(1—=XNu+ )< (1= (foln)(u)+A(foln)(v),

for any A € [0,1] and u, v € [expa,expb] .
By taking u = expt, v =exps, t, s € [a,b], this is equivalent to

fIn((1=X)expt+Aexps)] < (1=A) f () +Af(s),

for any A € [0,1] and ¢, s € [a, b] .
For g (t) = exp(t), t € [a,b] C R we have the exponential finite Hilbert
transform

(Toxp ) (a.b: 1)

L [T @enE) e

it U o) =@ +/+5e>< GOk ]
(

p
B S A 1) G
_;Eli)%l-‘r [/ 1—exp(t—7)d7+ .1 —exp(t— )d7]7

where ¢ € (a,b) .
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Proposition 3. Assume that f : [a,b] — R is LogEzp convex function on
[a,b], then

% [f(t) = f(a) + [exp (b—t) = 1] 4 (t)]
< (o) (at50)~ £ 010 (F2LZ0 1)
< % Lf(®) = f )+ [1 —exp(a—1t)] f2(1)],

for any t € (a,b).
In particular,

i exp (b) — exp (@)
s ranE@m) - 7@+ SRS OR g (L 0.h)

S (Tgf) (a7 b; LME (a7 b))

<1 [f (b) — f (LME (a,b)) +

™

exp (b) —exp (a) ,,

LME (a,b
exp (b) + exp (a) 1= (a,0))]
where LM FE (a,b) = In (%W) is the the LogMeanExp function of a, b.

The proof follows by Theorem 2 for g (t) = expt, t € (a,b).

Proposition 4. With the assumptions of Proposition 8 and if f (a) and
fL(b) are finite, then

Bl o 00 -y « LS [0 O} 2
< T (i) = 21 (1 (2O D=0
fO) - 7() [1-ga-b)
S fern]
<EO o),
fort e (a,b).
In particular,
B foxp o a) 1) < 2 17 (LME a,0) ~ £ a)
< (Top) (0. LME (a.1)
<2 (F0) - F (LME (@)
< f/_ﬂ_(b)[l—exp(a—b)].

The proof follows by Theorem 3 for g (t) = expt, t € (a,b).
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5. APPLICATION FOR POSITIVE p-CONVEX FUNCTION

Let p > 0. We say that the function f : [a,b] C [0,00) — R is a positive
p-conver function on [a,b] if f o (\)//P is convex on the interval [aP,bP],
namely

f [((1 “Nu+ )\v)l/”] <(1-Nf (ul/p) Y (ul/p) ,

for any A € [0, 1] and u, v € [aP, bP].
By taking u = tP, v = sP, t, s € [a, b], this is equivalent to, see also [22]

Pl =2+ 27)7] < (1= 2) (1) + 2T (5),

for any A € [0,1] and t, s € [a, b] .
For [a,b] C (0,00) and g (t) =t*, t € [a,b], p > 0, we consider the positive
p-power Hilbert transform

@t

")t
p— dr+ dr|,

TP — P

p .
T, b;t) == 1
T (abi0)=2 | [ N

where t € (a,b).

Proposition 5. Assume that f : [a,b] — R is positive p-convex function on
[a,b], then

3=

£t~ Fla)+ b;;ﬁpf; ]

< (T,f) (a,b;t) — —f() (f::ii)

HURNICRR== At}

IN
3| e

forte (a,b).
In particular, we have

1 b —a /
% [f (MP (aab)) - f (a) + 2pM571 ( ,b) + (Mp (CL, b))]
< (Tyf) (a, b; My (a, b))
1 P — gP ,
S ; [f (b) - f(Mp( ’ )) + Qngil (a,b) f, (Mp (a7 b))] )

where M, (a,b) := (W)l/p.

The proof follows by Theorem 2 for g (t) =P, t € [a, ]].
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Proposition 6. With the assumptions of Proposition 5 and if f| (a) and
f-(b) are finite, then

b — aP f(t) = f(a) <b”—a”>

s W AR C) [

pT s tP — aP
< G @) - 11 0 (o)
b)— f(t) [P —aP bP —aP ,
OO (Vo) Py
In particular,
DI @) < 21 (My(a.b) - 1 (0)
< (Tpf) (a,b; My (a, b))
2 bP —aP ,
< . [f () = f (M (a,0))] < Wf_ (b).

The proof follows by Theorem 3 for g (t) =P, t € (a,b).
Similar results may be stated for negative p-power convex functions, namely
for g (t) = —%, t € [a,b] C (0,00) . The details are omitted.
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